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ON SOME PROPERTIES OF PERIODIC PROJECTIVE TRANSFORMATIONS ON THE LINE
A projective transformation f is said to be periodic (with period k) if for every point P there holds f(f(...f(P)...)) = P. k It is known that a projective transformation of a one-dimensional space can "be expressed by formulas In the sequel the elements of the matrix of the transformation obtained from transformation (1) by n-fold superposition will be denoted by the symbols a (n \ b (n) , o (n) , d (n \ Assume that there are given ooeffioients a^n~1 \ b^n~1 \ c (n " 1 \ for n>2; then as a result of multiplying the matrices a c b d
we obtain the matrix aa^n~1 ^ + bc^n~1 \ ab^ + bd^-1 )" Proof. First observe that if in the first formula in (2) we replace a by d, b by c and conversely,we obtain the fourth formula.
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Similarly, replacing in the third formula a by d, b by c, and conversely, we obtain the second formula. Hence it suffices to prove, for example, only the first and the third formula in (3).
The proof will proceed by induction. Assume that the following formulas hold:
We shall prove that
By (2) we have a^n +1 > = aa (n) 
Taking into account (5) and (6) ¡as well as formulas (4), we obtain 
Making use of (2) we can rewrite (10) in the form
Mu-ltiplying both sides of the above identity by a we get aV" 1 > + abV k " 1 > , abcb^" 1 > -abdd^" 1 >"
Similarly, multiplying "both sides of the same identity "by d we get
Adding (12) t? (13) side by side we obtain a 2 ba ^k" 1 ) + ab 2 c -abcb ^k" 1 > -abdd ^k" 1 > + abda
Let us multiply identity (11) by a-d, then abda^k -1^ --abdd^k~1^ = a 2 db (k_1 ) -ad 2 b (k " 1^. Next we sibtract this identity from (14) side by side. This gives
Finally, multiplying both sides of (11) by b-c ahd adding it to (15) side by side, we obtain
Talcing into account formulas (2) In order that a non-identity transformation (1) be periodic with period n It-is necessary and sufficient that the following relation hold P r o o f. It is clear that a necessary and sufficient condition for a transformation f to be periodic with period n is that its n-fbld superposition with Itself be the identity; that Is,
note the left-hand side of (17) In the special case n=2 we obtain a neoessary and sufficient condition for a projective transformation (1) to be an Involution. Namely, this condition Is a+d=0.
